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JORG SCHURMANN 

Abstract. In this paper we give a proof of the fact, that the mo- 
tivic Hodge- Chern class transformation MHC y and Hirzebruch class 
transformation MHT yit for mixed Hodge modules and strictly special- 
izable filtered ©-modules commute with specialization in the algebraic 
and in a suitable complex analytic context. Here specialization in the 
Hodge- and ©-module context means the corresponding nearby cycles 
defined in terms of the l/-filtration of Malgrange-Kashiwara. This gen- 
eralizes a corresponding specialization result of Verdier about MacPher- 
son's Chern class transformation c*. 



1. Introduction 

Let k C C be a subfield of the complex numbers. Using Saito's deep 
theory of algebraic mixed Hodge modules over k ([18j-[24]), we introduced 
in [3] the motivic Chern and Hirzebruch class transformations mC y , MHC y 
and T y * , MHT y3f as natural transformations (cummuting with push down 
for proper morphisms) fitting into a commutative diagram (with Q[y]; D c := 

rMi+y)- 1 ]): 

G (X)[y] ► GoWfay- 1 ] = G (X)[y, y" 1 ] 



K (var/X) ► M{var/X) ^^-> K (MHM(X/k)) 



H*(X)®Q[y] > HtWQQfay- 1 ] ► H*(X) ® Q[y] loc . 

Here Gq(X) resp. Kq(M H M (X / k)) is the Grothendieck group of coherent 
sheaves resp. algebraic mixed Hodge modules on X, Ko(var / X) is the rela- 
tive Grothendieck group af algebraic ^-varieties over X, with A4(var /X) := 
Ko(var / X)\L~ l ] its localization with respect to the class of the affine line 

L = [Aj. -> pi] € K (var/pt) 

(compare e.g. [2j). and finally H*(X) = CH*(X) is the Chow homology 
group [7], or for k = C, H*(X) = H^ 1 (X) can also be the Borel-Moore 
homology of X (in even degrees) . 

The motivic Chern class transformations mC y , MHC y are a if-theoretical 
refinement of the Hirzebruch class transformations T yif , MHT yif , since they 

l 
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are related by a (functorial) commutative diagram : 

XHdg „,,,„„ MHCy 



M{var/X) 



K (MHM(X/k)) 



Go(X)[y,y 



-ii 



MHTy 



Ul* 



with td* : G Q (X) 



H,{X) ®Q 



(1+2/)" 



(oc 



#*(X) 



(l + y)- 1 -:^ 



The characteristic class transformations mC y ,T y * 



H*(X) <g) Q the Todd class transformation of Baum- 
Fulton-MacPherson [UE] and (l + y)~*- the renormalization given in degree 
i by the multiplication 

' • H i (-)^Q\y,y- 1 ,(l + y)- 1 ]. 

are motivic refinements 
of the (rationalization of the) Chern class transformation 

c* :F(X) -^H*{X) 

of MacPherson |13|, HOj. with F(X) the abelian group of algebraically con- 
structible functions, fitting into a (functorial) commutative diagram 

F(X) M{var/X) 



H*{X)®~ 



H*{X)®Q[y,y- 



For k = C, this was further improved in our recent survey [27] [Prop. 5. 2.1] 



MHT yif factorizes as 



MHT yif : K (MHM(X)) -» ® Q[y, 2T 1 ] C i?*(X) ® 

fitting into a (functorial) commutative diagram 



loc 



F(X) 



\stalk 



Ko(D b c (X)) 



rat 



(1) 



ff*(X)®Q 



K (MHM(X)) 

MHTy,, 



H*(X)®Q[y,y 



-li 



Here D^(X) is the derived category of algebraically constructible sheaves 
(with rational coefficients) on X (viewed as a complex analytic space), with 

rat : D b MHM(X) -> and rat : MHM(X) -> Perv(X) 

associating to a (complex of) mixed Hodge module(s) the underlying (per- 
verse) constructible sheaf complex. Then 

K (D b c (X)) = K (Perv(X)) and K (D b MHM(X)) = K (MHM(X)) 

(see e.g. [26j[lem.3.3.1]), and x s t a /fc is given by the Euler characteristic of 
the stalks. Note that 



can : K (var/X) -» F(X) and x^a/fc ° rat : K (MHM(X)) -» F(X) 
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are surjective. Moreover, important functoriality results known for the 
MacPherson Chern class transformation c*, like 

(1) functoriality for proper morphisms, 

(2) multiplicativity for exterior products, and 

(3) a Verdier Riemann-Roch formula for smooth pullbacks, 

have been extended to mC y ,T y * in [3] and to MHC y ,MHT yif in [27] . 

The aim of this paper is to prove for these motivic transformations the 
counterpart of a famous result of Verdier, that in the complex context the 
MacPherson Chern class transformation c* commutes with specialization 
[29]. Let / : X — > C an algebraic function with Xq := {/ = 0}. Then 
Deligne's nearby and vanishing cycle functors (compare e.g. |26j ) 

V f ,$ f :D b c (X)^D b c (X ) 

induce similar transformations for constructible functions fitting into a com- 
mutative diagram 



K (D b c (X)) -H-U K (D b (X )) 



(2) 



Xstalk 



Xstalk 



F(X) — F(X ) 



See also |25| for an elementary description (without using sheaf theory) 
of fyf,&f : F(X) — > F(Xq) in terms of local Milnor fibrations. Assume 
now that Xq is a hypersurface of codimension one, so that one also has a 
homological Gysin homomorphism for the inclusion i : Xq = {/ = 0} — > X 

mm)- 

i- : U*(X) -> H*-i(X ) and r : G (X) -» G (X ) . 

Then Verdier's specialization result can be formulated as the equality of the 
following two transformations: 

(3) F(X) H*(X ) . 

He also proved this result in the complex analytic context for compact spaces. 
Another proof in the algebraic context over a base field k of characteristic 
zero was later given in 

Consider now a base field k C C, with / : X — > a morphism and 
Xq := {/ = 0} the fiber over 0. Then one can consider the nearby- and 
vanishing cycle functors t and $ f either on the motivic level of localized 
relative Grothendieck groups 

M(var/-) = Koivar/-)^- 1 ] 

(see [31 [8]), or on the Hodge theoretical level of algebraic mixed Hodge 
modules over k ([TBI 021 E2]), "lifting" under the base change k — > C the 
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corresponding functors on the level of algebraically constructive sheaves 
([26]) and functions ( [25J, [29] ) , so that the following diagram commutes: 

K (var/X) 



MivarjX) 

XHdg 



w f ,v f 



M{var/X ) 

XHdg 



(4) 



K (MHM(X/k)) s ' f i K (MHM(X /k)) 



rat 



rat 



K {D b c (X(C))) 



K (D b c (X (C))) 



Xstalk 



Xstalk 



F(X(C)) 

Here we use the notation ^'j 1 
functors, with 



F(X (C)) 



Vf[l] and $ 



IH 

f 



$^[1] for the shifted 



MHM(X/k) -» MHM(X /k) 



and 



*/[-l],*/[-l] : Perw(X(C)) -» PeTO(X (C)) 

preserving mixed Hodge modules and perverse sheaves, respectively. On the 
level of Grothendieck groups of mixed Hodge modules one has the relation 



(5) 



y&f = i* + <$>f : K (MHM(X/k) -► K (MHM(X /k)) , 



and similarly for the other transformations. So the vanishing cycles measure 
the difference between the pullback i* and the nearby cycles. In particular 
[Vf{M] = [i*M] in case &f(M) = 0. 

Remark 1.1. The motivic nearby and vanishing cycles functors of [3, 8j take 
values in a refined equivariant localized Grothendieck group M^{var/X) of 
equivariant algebraic varieties over X with a "good" action of the pro-finite 
group p, = lim fj, n of roots of unity. In our applications above we don't need 
to take this action into account. 

Also note that for the commutativity of diagram ^ one has to use ^'j 1 
(as opposed to ^fj, as stated in [8j [Prop. 3. 17]; this fits in fact with the 
reference given in the proof of loc.cit). Moreover, the Grothendieck group 
M^(var / X) used in [8] is finer than the one used in [3]. But both defi- 
nitions of the motivic nearby and vanishing cycle functors are compatible 
([8] [Rem. 3. 13]), and XHdg also factorizes over Ad^{var / X) in sense of [3] by 
the same argument as for [8] [(3.16.2)]. 
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Before formulating our main result, let us explain a motivating example 
in the case k = C, with i : Mq = {/ = 0} — > M a codimension one inclusion 
of complex algebraic manifolds (with m := dim(M)) and 

M <G MHM(M)[m] C D b MHM(M) 

corresponding to a "good" variation of mixed Hodge structures on M, i.e. 
such that rat(ftA) is a local system. Then by [27] there is a cohomological 
characteristic class MHC y (M) G -ftT°(M)[y, commuting with the pull- 
back i* , with K°(M) the Grothendieck group of algebraic vector bundles or 
coherent locally free sheaves (of sections), such that 

MHC y ([M}) = MHC y (M) n (A, ([«},]) n [Cm]) . 
Here the pairing 

n = ® : i^°(M)[y,y -1 ] x G (M)[y, y' 1 } - GoCMJ^jT 1 ] 
is induced from the tensor product, with 

A y ([T*M]) := ^([05,]) := £ [(&] • y* € ^°(M)[y] 

i>0 

the tota/ Lambda class of the cotangent bundle T*M. Then one gets 

vMHC y ([M}) = i* [MHC y {M) U Ayifi^])) ni\[0 M ]) 

= (MHC y (i*M) U A y ([i*T*M])) n [0 Mo ] 

= A,([iVl //o M])nMFC7 s/ ([rX]) 

= (l + y)-MHC y (i*[M\). 

Here one uses the multiplicativity of A 3/ (— ) with respect to the short exact 
sequence of vector bundles 

-> N* Mo M -» T*M\M -» T*M -> , 

and the triviality of the conormal bundle M (coming from the section 
d/) so that 

A^iV^M) = (1 + y) ■ [O M0 ] € K°(M )[y] . 
But in this special case there are no vanishing cycles ^'^(Ai) = so that 

MHCy(f[M]) = MHCy [9f([M])) 

and 

i l MHC y ([M]) = (1 + y) ■ MHC y (*f([M\)) ■ 
And this formula holds in general, i.e. assume now that Xq = {/ = 0} 
is a hypersurface of codimension one in the algebraic variety X over k C C. 
Then we prove the following counterpart of Verdier's specialization result: 

Theorem 1.1. The motivic Hodge- Chern class transformation MHC y com- 
mutes with specialization in the following sense: 

(7) (l + y)-MHC y ( vfrf (-) ) = -(l + y)-MHCy( tff(-) ) = i l MHC y (-) 
as transformations Ko(MHM(X/k)) — ► Go(-Xo)[y, y _ ]. 
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Remark 1.2. Our proof also gives the same result in the embedded com- 
plex analytic context, with X C M a complex analytic subspace of the 
complex manifold M and / : M — > C a holomorphic function such that 
Xq := X n {/ = 0} is a compact hypersurface of codimesion one in X. Here 
we use analytic mixed Hodge modules MHM(X) on X ([112 CE]), which we 
identify with analytic mixed Hodge modules MHMx(M) on M with sup- 
port in X (and similarly for Xq). Here Gq(X) is of course the Grothendieck 
group of analytic coherent Ox-sheaves, which has a canonical map to the 
Grothendieck group Gq{M) of analytic coherent Oju-sheaves on M with 
support in X. And Gq(Xq) = G X °(M), since Xq is compact. 

Let us come back to the algebraic context. Then another earlier result of 
Verdier [281 \7\ states that the Todd class transformation of Baum-Fulton- 
MacPherson pQ [7] 

td* :G (-)->.H*(-)<8Q 

commutes with the Gysin homomorphisms v in these homology theories. 
The unnormalized Hirzebruch class transformation MHT y * of [I] is defined 
as 

MHT y * := id* o M#C y : K (MHM(-/k)) -» #*(-) Q[y, y" 1 ] . 
Since id* commutes with specialization, we get the 

Corollary 1.1. Consider an algebraic function f : X — > smc/i £/taf 
f/ie inclusion i : Xq := {/ = 0} — > X o/ i/ie zero /i&er is everywhere of 
codimension one. Then the Hirzebruch class transformations MHT y * and 
MHTy* commute with specialization in the following sense: 

(8) (1 + y) ■ MHf y *( *f (-) ) = i l MHf y *(-) 
as transformations K (MHM(X/k)) -> H*(X ) <8> Q^jT 1 ]- 

(9) MifT^( tff (-) ) = i l MHTy*(-) 

as transformations K (MHM(X/k)) -> H*(Xq) ® Q[y,y~\ (1 + y) -1 ]. □ 
By the definition of in [U [8] one has 

¥^(2fo(t«ir/M)) C im(Ko(var/X) -> .M(X)) , 

so that 

MflT^ o *^ : K (var/M) H*(X) g> Q[y] C ® Qb,^ 1 ] . 



Together with [27J [Prop. 5. 2.1] one therefore gets the following commutative 
diagram of specialization results, where one uses the base change k — > C for 
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the last part: 



K (var(X)) 



H*(X Q )®®[y\ 



XHdg 



(10) 



K (MHM(X/k)) 



MHT Vit o^' f H = 



i'oMHT t 



Xstalk°rat 



y=-l 



F(X(C)) 



H*(X (C))®Q. 



Applications of this corollary to the calculation of the Hirzebruch class 



of a global hypersurface X := {/ = 0} inside a manifold M in the complex 
algebraic context are given in our recent joint paper [5]. 

Note that the motivic Chern class transformation MHC y is defined in 
terms of the filtered de Rham complex of the filtered D-module underlying 
a mixed Hodge module ([H EZ]). So in the embedded context X C M a 
closed subspace of the manifold M, with / : M — > A^, our main result 
theorem 11,11 becomes a purely D-module theoretic result about coherent 
DjW-modules with a good (Hodge) filtration F supported on X, which are 
strictly specializable with respect to the hypersurface {/ = 0}. Here one 
uses the T>- module description of nearby cycles in terms of the V -filtration 
of Malgrange-Kashiwara ( |14l [9l US]). Then the strict specializability is a 
condition on the relation between the Hodge filtration F and the ^/-filtration 
introduced by M. Saito [H] in his definition of pure Hodge modules. So 
the filtered D-module underlying a pure (and also a mixed) Hodge module 
satisfies this technical condition (more or less) by definition. And in the 
next section we will show that in the embedded context exactly this strict 
specializability is needed for the proof of our main result! Using resolution 
of singularities and functoriality under proper morphisms, we deduce in the 
last section our main result for mixed Hodge modules on a singular space 
X from the corresponding D-module result in the embedded context. 



We are working either in the algebraic context over a base field k C 
C, i.e. all sheaves are algebraic sheaves in the Zariski topology, or in the 
complex analytic context. Consider an algebraic (or analytic) manifold M 
of dimension n, together with 



T y +(X) := Ty*([id x ]) 



2. Specialization for D-modules 



t = pr 2 : M' := M x A£ -> A^ 
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the projection onto the second factor. Of course in the complex analytic 
context, we consider the affine line C = just as a complex manifold. Let 
i! : M ~ M x {0} —> M' := M x C be the closed inclusion of the zero fiber. 

Let T>m' be the corresponding coherent sheaf of algebraic or analytic 
differential operators. This has an increasing filtration F by locally free 
coherent 0M'-sheaves F 1 T>m' {i G No) given by the differential operators of 
order less or equal i, with 

Uj>o F % V M i = V M i . 

(see e.g. [151 I22])- Let X C Om> be the ideal sheaf defining M, i.e. the 
sheaf of functions vanishing along M. Then the increasing V -filtration of 
Malgrange-Kashiwara with respect to the smooth hypersurface M C M 1 is 
for k G Z locally defined by 

V k V M , := {P G V M < | P{V +k ) C for all j £ Z} . 

Here X? := C M ' for j < 0. Note that 

n fceZ = {°} and U fe G Z ^fc^A/' = ^>A/' • 

Moreover V k V M ,\{f ^ 0} = 2? A //|{/ 7^ 0} for all k G Z so that gr\V M , is 
supported on M. By definition one has 

t G VliPjifi, ft G VxD M , and ftt = 1 + td t G Vol? a/' • 

Similarly we have for the sheaf T>m' jA of relative differential operators along 
the fibers of t: 

V M , /A cVoV M/ and gr£v M ,\M = V M [d t t] . 

Definition 2.1 (Specializability). A coherent left T>m' -module M is said to 
be specializable along M if for any (closed) point x G M (with residue field 
k x ) and any local section m G A4 X there is a nonzero polynomial b(s) G k x [s] 
such that 

(11) b(d t t) ■ m G V-{D M , 

The Bernstein polynomial (or 6-function) b m of m G M x is the monic poly- 
nomial in k x [s] of minimal degree satisfying the condition 

For example any holonomic Dm 1 -module is specializable along M (com- 
pare e.g. [15j[prop.4.4.2]). Similarly, for a short exact sequence 

-» M! -> M -» M" -> 

of coherent T>m' -modules one has is specializable if and only if A4' and 
M" are specializable ([15J [prop.4.2.4]). 

Let us fix a total order < on C with the following properties for all a, (3 G C 
and a G M: 

(01) it induces the usual order on R, 

(02) a + a<P + a^a<P, 
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(o3) a < a + 1 and there is some m G N with a < (3 + m. 

Definition 2.2 (Canonical ^-filtration) . Let Ai be a coherent left T>m'- 
module, which is specializable with respect to the hypersurface M . Then the 
canonical increasing V -filtration of Ai (indexed by C and <) is defined as 

(12) V a Ai x '■= { m G Ai x \ a M foots of the b-function b m are > —a — 1 } 

for all (closed) points x G M (compare fL5\[def.4-3.3]). In the complex 
analytic context we assume in addition that Mnsupp(Ai) is compact. Then 
the canonical V -filtration is indexed discretely byA + ZckcC for a finite 
subset A C k C C, and it is the unique such filtration V with the following 
properties: 

(1) (J a V a M = Ai, and each V a Ai is a coherent VqDm 1 module. 

(2) (V k V MI )(V a M) C V Q+k M for alla£C,k£ Z, 
and t(V a M) = V a -iM for all a < 0. 

(3) d t t + a is nilpotent on gr^M := V a M/V <a Ai, 

with V <a M := VpM for (i := sup{/3' G A + Z| /3' < a}. 

These conditions imply t : gr^Ai — * gr^_ x Ai is bijective for all a / 0, 
and dt : gr^Ai — > gr^ +l Ai is bijective for all a ^ — 1. Moreover (compare 
[l5][prop.4.4.3] and [ft][lem.3.1.4]) 

(13) t- : V a Ai — > V a -iM is injective for all a < 0. 

Finally all gr^.M|.M are coherent /e/t 2?M- m odules (|15j [cor. 4.3. 10]). which 
are also all (regular) holonomic, if Ai has this property ([15] [cor. 4. 6. 3, 
cor. 4. 7. 5]). In the algebraic context over a base field k this means by defini- 
tion that the corresponding D-modules over M'(C) and M(C) obtained by 
the base extension k — > C are (regular) holonomic. 

Definition 2.3. Let Ai be a coherent left T>m' -module, which is specializable 
with respect to the hypersurface M . Then Ai is called quasi-unipotent (along 
M), if for all m G Ai x with x a (closed) point of M the Berstein polynomial 
b m (s) G k x [s] has only rational roots in Q C k C k. Or in other words, if 
the canonical V -filtration is discretely indexed by Q (so that the total order 
< on C above isn't needed). 

Remark 2.1. Here we are working with an increasing ^-filtration for left 
D-modules, so that ±(dtt + a) is nilpotent on gr^At. 

(1) If we work with the associated analytic D-module Ai an , then (V a Ai) ar 
is the corresponing ^/-filtration in the analytic context (by unique- 
ness). Similarly in the algebraic context over a base field k C C, if 
one takes the base extension k — > k or k — > C. 

(2) If we switch to the corresponding rig/ii D-module Ai r := wjvf/ <8> -M, 
with the induced V-filtration um' ® VaAi, then i<9( — a is nilpotent 
on gr^AV (fitting with the convention of [l8][Def. 3.1.1]). 
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(3) If we use the corresponding decreasing ^/-filtration V a := V— a —i f° r 
left D-modules, then tdt — a is nilpotent on gryM (fitting with the 
convention of [18J [Introduction, p. 851]). 

Assume now that M. in addition is endowed with a good filtration F, i.e. 
with an increasing filtration F p Ai (p G Z) by coherent Om 1 -modules, such 
that 

(1) FpM. = for p « small enough, 

(2) U pe Z*'pM = M, 

(3) (F k V M )(F p M) C F k+p M for all k, P eZ, 

(4) gr F hA is a coherent gr F T>M' module. 

Then one can ask about the relation between the two nitrations F and 
V. The following notion will be important for our main results (compare 
[H][Def.3.2.1, P-905] and [17J [conditions 4.3.(b-c), p.46]): 

Definition 2.4 (Strict specializability). Let M be a coherent left T>m'- 
module, which is specializable with respect to the hypersurface M . Assume 
that it is also endowed with a good filtration F. The filtered Dm 1 -module 
(M,F) is called strictly specializable along M, iff 

si. The induced F-filtration on gr^M is good for all —1 < a < 0. 

s2. t(F p V a M) = F p V a -iM for all a < and p£Z. 

s3. dt(F p gr%M) = F p+ igr^ +1 M for all a > -1 and p G Z. 

Here the induced F-filtration on V a A4 resp. gr^M are given by (cf. [6]) 

F p V a M := F P M n V Q M 

resp. 

FpgrlM := im (F p V a M -> gr Y a M) ~ F p V a M/F p V <a M . 
Then the induced short exact sequence of filtered ©^/-modules 

(14) -> (V <a M, F) - (V a M,F) -» (gr^M,F) -» 
is strict (compare [6j[T2]) in the sense that 

- F p F <a A4 - F p V a A4 -» F p5 r^JW -» 

is exact for all p G Z, which also implies that 

-» 9< V<a-M -> gr F v V a M gr F gr v a M 

is exact for all p G Z. Finally one has a canonical isomorphism (compare 
HK1-2.1)]): 

(15) grpgr^M ~ gr^gr p M for all p G Z, a G C. 
And similarly for V^/Vg instead of gr^ for a < j3. 

Remark 2.2. By Saito's work |18| . 119 } [22] . the underlying filtered D-module 
of an algebraic or analytic pure Hodge module on M' is strictly specializable 
and quasi-unipotent along M. 
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(1) In the analytic context this is so by definition (where we again as- 
sume that the intersection of the support with M is compact, so that 
the canonical ^/-filtration is indexed discretely). 

(2) In the complex algebraic context a pure Hodge module of [19] is by 
definition "extendable and quasi-unipotent" at infinity so that one 
can assume M is compact and then the properties (sl-s3) in the 
analytic context of [18] imply by GAGA and flatness of O an over O 
the same properties for the underlying algebraic nitrations. 

(3) In the algebraic context over a base field k C C the claim follows 
from the complex algebraic context by the exact and flat base change 
k — > C (compare [22] [rem. on p.9]). 

(4) Then also the underlying filtered D-module of an algebraic or ana- 
lytic mixed Hodge module on M' as in [191 [22] is strictly specializable 
and quasi-unipotent along M, since it is a finite successive extension 
of pure Hodge modules (by the weight filtration). And the corre- 
sponding short exact extension sequences of mixed Hodge modules 
a strict with respect to the (Hodge) filtration F. Since also the 
canonical F-filtration behaves well under extensions, one easily gets 
the quasi-unipotence and the condition (sl-s3) above by induction 
(using the properties of the underlying y-filtrations from definition 

For a closed algebraic (or analytic) subset X' C M' we get a cartesian 
diagram of inclusions: 

X :=Xn{t = 0} — ► X' 

M ► M' . 

%< 

And we are interested in the algebraic (or analytic) de Rham complex 
DR*{M) of a filtered £> M /-module (M,F) supported on X'\ 

( 16 ) [••■«Af ®M nffitoM---] , 

with ri^ 1 (X) M put in degree zero (and n = dim(M), n + 1 = dim(M')). 
Here V fc comes from the integrable connection V on hA given by the left 
T>m> -module structure: 

(17) V k {uj ® m) = duo (g> m + (-l) k uj A Vm . 

From this it follows that the de Rham complex gets an induced filtration 

(18) F p DR*{M) = {■■■ n k M , ® F p+k M Q^, 1 <g> F p+k+1 M ■■■}, 
such that differentials grp(V k ) of the graded complex 

(19) gr^DR*{M) = [■■■ Q k M , ® gr F p+k M ^ 9 gr^ +k+1 M ■■■} 
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are O^'-linear! Since the nitration F of M is good, one also knows (compare 
PSj[Lem.2.1.17, p.882]) that 

(20) grpDR*(M) G D b cohX ,{M l ) 

is a bounded complex with coherent cohomology supported on X' , which is 
acyclic for almost all p. 

Definition 2.5. The motivic Hodge-Chern class MHC y ((M,F)) of the 
coherent V-module (A4,F) with its good filtration F is given by 

(21) MHC y ( (M,F) ) := Y,i9r F p DR*(M)} ■ (-yf G G (X')[y, y' 1 } . 

v 

Here we first identify the derived Grothendieck group 
K Q (p h coKX ,{M'))=GX\M') 

with the Grothendieck group Gq' {M') of coherent C^'-sheaves with support 
in X', and the class [— ] of a complex means the alternating sum of the 
classes of its cohomology sheaves. Next the closed inlusion k : X' — > M' 
induces a natural group homomorphism on the Grothendieck group Gq(X') 
of coherent Ox'-sheaves: 

: Gq(X') — > Gq'(M') . 

By the Hilbert-Riickert theorem this is an isomorphism in the algebraic 
context, as well as in the analytic context for X' compact (or relatively 
compact, if we are "allowed to take a shrinking"). 

Remark 2.3. If (M,F) underlies a mixed Hodge module with support in 
X', then all gr^M. are in fact Ox'-modules so that gr^ DR*{M.) is already 
a well defined complex in D b coh {X')\ Just take locally a function on M' 
vanishing along X '. Then (Ai,F) is also "strictly specializable along g" , 
which implies 

g(F p M) C F P ^M and g(gr^ M) = 

by dHJ[lem.3.2.6]. 

Now we want to compare the specialization (or nearby cycles) ^t((7W, F)) 
of the strictly specializable pair (M,F) with the specialization v of the mo- 
tivic Hodge-Chern classes, where the Gysin homomorphism 

i l : Gq(X') -» G (X) 

is induced by the derived pullback map 

Lz* : D b cohiX ,(M>) ^ D b cohjX (M) . 

By the short exact sequence 

> Om > Om' — - — * Om 1 ► , 
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this Gysin homomorphism v is also represented by taking the (class of the) 
tensor product with the complex [t- : Om 1 - ► Om']- In particular 

(22) i'% = : G (X) -» G (X); [T] ^ \T ^ F] . 
Let us now recall the 

Definition 2.6. The nearby cycles ^ft((-M, F)) of the strictly specializable 
pair (Ai,F) are given by 

(23) M(M,F)):= *t, a ((M,F)), 

-1<Q<0 

with V t , a ((M,F)) := (gr%M\M,F). 

The unipotent vanishing cycles &tuni(.(M , F)) of (M,F) are given by 

(24) &t,uni{(M,F)) := [grlM\M,F[-l]) , 
with the shifted filtration defined as {F[k])i := 

Remark 2.4. Our defintion of the induced filtration fits with 18j[intro., 
p. 851], since we are using left D-modules. For the corresponding right 
V- modules one has to shift these induced F-filtrations by [+1] (compare 
[18| [(5.1.3.3) on p. 953]). This corrects then the different switching by 

®(uj M ',F) or <8){um,F) 

from filtered left P-modules to filtered right P-modules on M' or M, with 
F the trivial filtration such that gr^ k (—) = for k ^ the dimension of the 
ambient manifold M 1 or M. 

Now we can formulate our main result of this section. 

Theorem 2.1. Let (M,F) be a coherent Dm 1 -module M supported on X' 
endowed with a good filtration F , which is strictly specializable along M. 
Then the motivic Hodge- Chern classes commute with specialization in the 
following sense: 

(25) - (1 + y) ■ MHC y ( V t ((M, F)) ) = i l MHC y ( {M, F) ) 

as classes in Go(X)[y, y^ 1 ] . 

The proof is given on the next pages. It uses of course the properties 
(sl.)-(s3.). From (s3.) one gets the 

Lemma 2.1. 

8 t : (M/V a M,F*) -» (M/V a+1 M,F* +1 ) 
is a filtered isomorphism for all a > —1, so that also 

8 t : gr F v (M/V a M) -> gr^ +1 (M/V a+1 M) 
is an isomorphism for all a > — 1 and p G Z. □ 
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This follows by \J a V a M. = M. from the corresponding result: 
dt : (Vp/V a M,F,) -> (Vf3 +1 /V a+ iM,F* +1 ) 
is a filtered isomorphism for all /3 > a > — 1. 

And this follows by induction from (s3.) and the short exact sequence 
0^(Vf}/V a M,F m ) ► {V p ,/V a M,F*) 



dt 



0^(Vp +1 /V a+1 M,F* +1 ] 



► (V/3> + i/V a+1 M,F* +1 ) 

(g r v,M,F*)^0 



■■■(gr^, +1 M,F, +1 )^0, 

where j3' £ A + Z is smallest number bigger than (3. Of course we also use 
the fact that dt : gr^M. — > gr^ +1 A4 is bijective for all (3 > — 1. 

Similarly one gets from (s2.) and (fT3j) by induction over p (with F p {— ) = 
for p « 0) the 

Lemma 2.2. T/ie multiplication 

t- : srf (F a M) - <?< 

is an isomorphism for all a < and p£Z. In particular 

Li*gr F (V a M) = i*gr F (V a M) = gr F v ( V a /V a „ x M\M ) 

for all a < and p£Z. □ 

Now we can come to the main geometric idea. Since we work on the prod- 
uct manifold M' = MxA| (which usually comes from a graph embedding 
for an algebraic (or analytic) function / : M — > A fc ), we have the splitting 



n 



n 



M'/A ' 



with fij^-, , A the relative 1-forms with respect to the submersion t and Q< l A — 
OM'dt. So we get for < k < n + 1: 

^t/' = ^M'/A ©^A ® ^M'/A • 

And this induces a splitting of the de Rham complex DR*(A4) as a double 
complex 



DR* /A (M) 



U A ®DR* /A (M) 



M'/A 



^M'/A®^ 



S1 M'/A 



M'/A 
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with the "top-dimensional forms" Q A <8> Vi a M , j A in bidegree (0,0). 

Here the horizontal lines come from the corresponding relative de Rham 
complex DR* A (Ai) of M. viewed only as left Dj^/^-module, whereas the 
vertical maps are given by: 

: tt k M , /A ®M^tt A ® ^m'/A ® M\ 

to^nih^ dt® (d t Lo) ® m + {-l) k dt ®uj® (d t m) . 
In particular DR*(M) becomes a bifiltered double complex by 

F p V a DR* /A (M) , = 

v t 



® F p+1 V a+1 DR* /A (M) 

F p +k+iV a M ■ ■ ■} 

[• • • n A ® ^M'/A ® ► 0^ ® ® i ? p+fc+ 2 1 / a+l-M 

Again all differentials in the F-graded and F-filtered complex 

gfpV a DR* A (M) 
(26) <yr^(V t ) 

n> 5 <+i^ + i^; A (M) 

are C^-linear. Moreover, the induced vertical O^'-linear maps 

gr F p (V t fe ) : Q k M , /A ® <?rf ^ 0^,/A ® <7< +1 y a+ iM; 

w (g> [m] i-> {-l) k dt ®u® (d t [m\) 
correspond up to a sign (— l) fc under the identification 

SI\zlO m .; fdt~f 

to the maps induced from 

8 t : (V^A4, Fp) -> (V Q+1 .M,F P+1 ) 
by tensoring with the free (and therefore flat) 0M'-modules ^m'/a' 
So by Lemma 0.1 we get the 
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Corollary 2.1. The horizontal inclusion of F- filtered double complexes 
F p V-iDR* A (M) ► F P DR* A (M) 



F p+1 V Q DR* /A (M) ► n\® F p+1 DR* /A {M) 

induces a filtered quasi-isomorphism of the correspondung total complexes, 
i.e. the horizontal map 



gr^V^DR* /A (M) 

9<(Vt) ' 



gr*DR* /A (M) 

3<(V t ) 



induces a quasi-isomorphism of the correspondung total complexes for all 

P ez. □ 

In fact all vertical maps of the corresponding quotient double complex 

gr^DR* /A (M/V^M) 

<(V t ) 

n\® g r F +1 DR* /A (M/VoM) 

are isomorphisms by Lemma 0.1 so that the total complex of this quotient 
double complex is acyclid Note that the filtered relative de Rham complex 



(dr* /a (-),f) 



is functorial for filtered (T> M r /a, F)-modu\es, where the sheaf of relative dif- 
ferential operators T> M > /a C VqDm 1 is again filtered by the order of a differ- 
ential operator. 



So the total complex of 



(27) 



grPV^DR* A {M) 

9<(V t ) 

n A ®grF +1 V DR* A (M) 



represents grpDR*(M). Therefore it belongs to D b coh X ,(M'), is acyclic for 
almost all p, and can be used for the calculation of 



MHC y ((M,F)) and i l MHC y ((M, F)) . 
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In fact for the calculation of vMHC y ((M., F)) we can even use the total 
complex of 

9 r pV<-xDR* A (M) 
(28) gr* (Vt) 

® 9rf+iV <0 DR* /A (M) , 
because the horizontal complexes of the quotient double complex 

grPgr^DR^M) 

n\®grF +1 grXDR* /A (M) 

are given by 

gr^gr^DRJ^M) ~ gr F D R) A {gr v ^M) 

— i*( 9 r p DR* A (gr v 1 M\M) ) 

and 

g r F +l9 rXDR* /A (M) ~ gr F +1 DR* /A (grXM) 

~i*(gr£ +1 DR* /A (grXM\M)), 

if we make the identification ~ O^'dt. Here i is the closed inclusion 
M -> M', with 

FpDirG^iMlM) = FpDR* (&t,-i (M)) 

and 

F^+i^^MIM) = F p DR*(<5> tuni (M)) 

the absolute filtered de Rham complexes of the coherent left £>Af -modules 
— and ^tun^-M) with its induced (shifted) filtrations -F (which are 
good by assumption (si.)). And from 

gr F DR*(gr^M\M) G D b cohX (M) 

we get 

gr F gr v a DR* /A {M) ~ i*( gr F DR*(gr^M\M) ) G D h cohX ,{M') , 
together with 

S^M^OM)] = i ! U 5 rJZ)ir(^.M|M)] = G G (X) 
for a = -1 and by ([22]). 
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So also the total complex of 

9 r pV<-iDR* A {M) 

(29) 9<(v t ) 

Sl\®gr F +l V <0 DR* /A {M), 

has bounded coherent cohomology supported on X' , and can be used for the 
calculation of vMHCy((AijF)). The advantage of this double complex is 
the fact, that it is only related to the nearby cycles ^t,a{M) (—1 < a < 0) 
and not to the unipotent vanishing cycles <&t,uni{M)\ 

Next we want to calculate the class of its pullback Li*(—) in Gq(X). But 
for the horizontal subcomplexes we get by Lemma 0.2: 

Li*gr F V^DRJ^M) ~ i*gr F V <0 DR* /A (M) 

~ 5 r^i?(y <0 /F<_iM|M) 

and 

Li*gr F +l V <0 DR* /A (M) ~ fgr^V^DRj^M) 

~ 5 r^ +lJ Di?(y <0 /y<-i^|M). 
Putting everything together, we get in Gq(X) by additivity the equality: 

-[gr F DR*( F<o/F<-iM|M )] + [gr F +1 DR*( F <0 /F<-i.M|M )} . 

Note that the — sign for the first class on the right side is coming from the 
fact, that gr F DR( V < q/V < -\M\M ) viewed as a subcomplex of the double 
complex above agrees only up to a shift by one with the usual convention 
that "top-dimesional form" are in degree zero! 

By using the filtration Vp/V^iM of V < o/V < -iM by P^/^-modules 
(—1 < (3 < 0), we get by the assumption (si.) and additivity the following 
equality in the Grothendieck group Gq(X): 

i-[gr F DR*(M)] = 

(33) £ (-[gr F DR*(g^M\M)} + [gr F +1 DR*(gr^M\M)}). 

-l</3<0 

And this implies Theorem 0.1: 

i l MHC y ( (M, F) ) = 

i-(Y,[9r F p DR{M)]-{-yY) = 

p 

£ ( -[gr F p DR(^M)} ■ (-yf + [gr^DR^M)} ■ (-yf ) 

p,-l</3<0 
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= -(l + y)- MHC y (%,p(M,F)) 

-l</3<0 

= -(l + y)-MHC y (MM,F)). 

□ 

3. Specialization for Mixed Hodge modules 

We can apply our first main theorem 12.11 in the context of algebraic 
mixed Hodge modules in the following more general context (for a base 
field k C C). Let / : X' — > A^, be an algebraic function on the algebraic 
variety X' over k such that the inclusion of the zero fiber i : X := {/ = 
0} — > X' is everywhere of codimension one (i.e. / is not vanishing on 
any irreducible component of X'). Then one gets as before a Gysin map 
v : Gq(X') — > Gq(X) together with an exact nearby cycle transformation 
ty f : MHM(X'/k) -> MHM(X/k) on the abelian category of algebraic 
mixed Hodge modules. This induces therefore also a transformation of the 
corresponding Grothendieck groups 

tff : K (MHM(X'/k)) -> K (MHM(X/k)) . 

In the introduction we already explained that by [4] we have in this context 
a motivic Hodge-Chern class transformation 

MHC y : K a (MHM{—)) G (-)[y, y- 1 ] , 

which commutes with proper push down. Let us recall our main result in 
this context. 

Theorem 3.1. This motivic Hodge-Chern class transformation commutes 
with specialization in the following sense: 

(34) - (1 + y) ■ MHC y ( *f (-) ) = rMHC y (-) 

as transformations K (MHM(X' /k)) -> G (X)[y, y -1 ]. 

Its proof can be reduced to theorem 12 .1\ since all transformations MHC y , 
and v commute with proper pushdown. By resolution of singularities 
and "additivity" , Go(X') is generated by classes -^[.M] of mixed Hodge 
modules M on an algebraic manifold M, with ir : M — > X' a proper mor- 
phism. It is enough to prove the stated result for such a generating class 
7r*[.M]. If a connected component S of M maps into X, then this doesn't 
contribute to the specialization: 

Vffa[M\S\) = and vMHC y (it*[M\S\) = . 

So we can assume /' := / o it is not vanishing on any connected component 
of M. Since all involved transformations MHC y , and v commute with 
we can assume X' = M is smooth (with tv* = id*). Using "additivity" 
and the weight filtration, one can even reduce to the case of pure Hodge 
modules. By using the (proper) graph embedding of /', we can reduce to 
the case M' := M x A k and t the projection onto A k as studied before (with 
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X' := graphf(M) C M'). Moreover the nearby cycles ^j 1 of the filtered 
V- module (Ai,F) underlying a pure Hodge module on M' is exactly given 
as in definition 12.61 And (M.,F) is by Saito [18] strictly specializable (as 
explained in remark f2 . 2 [) . So in this case the claim is a special case of theo- 
rem ED □ 

In the complex analytic context one doesn't have the full calculus of 
Grothendieck functors on the derived category of mixed Hodge modules. 
But nevertheless in the embedded context of an analytic subset X G M in 
a complex manifold M, with / : M — * C a holomorphic function such that 
Xq := X n {/ = 0} is compact, one has an exact nearby cycle functor 

Vf : MHM(X) ~ MHMx(M) -> MHM Xo (M) ~ MHM(X ) , 

with MHMx (M) the abelian category of mixed Hodge modules on M with 
support in X, and similarly for MHMx (M) (compare [E]). Also the graph 
embedding 

g ■= (id M , /):M-tM':=MxC with g : X ~ X' := g(X) 

induces an exact functor g* : MHMx{M) — > MHMx'(M') commuting with 
and ^f. Similarly one gets a motivic Hodge Chern class transformation 

MHCy : K (MHM(X)) = K (MHM X (M)) -> Gq {M)[y,y~ l ) . 

Here one uses the fact that morphisms of analytic mixed Hodge modules 
are strict with respect to the (Hodge) filtration F of the underlying filtered 
P-modules on M. And also MHC y commutes with g* : Gq (M)[y, y^ 1 ] — > 
GfiM'^y- 1 }. 

So in this embedded complex analytic context we can argue as in the end 
of the argument before, and get the 

Theorem 3.2. Let f : M — > C be a holomorphic function on the com- 
plex manifold M , with X C M a closed analytic subset. Assume {/ = 0} 
is a hypersurface of codimension one, with Xq := X n {/ = 0} compact. 
Then the motivic Hodge- Chern class transformation MHC y commutes with 
specialization in the following sense: 

(35) - (1 + y) ■ MHC y ( tff (-) ) = rMHC y (-) 

as transformations 

K (MHM(X)) = K (MHM X (M)) -> GQ°(M)[y 1 y' 1 ] . 

□ 
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